I. INTRODUCTION
The recent observational data [1, 2] , have increased the scientific interest in cosmology, since early-time acceleration is verified observationally. In addition to this early-time acceleration, in the late 90's, the late-time acceleration (including that from modified gravity [3, 4] ) was also verified by the observations [5] . Since then a great task for cosmologists is to consistently describe these two acceleration eras, and if possible, to include them in the same theoretical framework as it was first proposed in [7] . Modified gravity [6] , is one appealing candidate for a cosmological theory of everything, in the context of which late-time acceleration can be consistently described but more importantly, the unification of early-time acceleration with late-time acceleration [7, 8] can be achieved (for a general review, see [6] ). There are many types of modified theories of gravity with higher-derivative terms, such as f (R) modified gravity [9] , f (G) theories of gravity [22] , etc. In this paper, we shall introduce a new type of mimetic f (G) theory of gravity, which as we shall demonstrate, can successfully describe a variety of cosmological scenarios. It is inspired by mimetic dark matter models [10] [11] [12] and serves as a generalization of both f (G) and mimetic dark matter models.
The mimetic dark matter models [10] [11] [12] , are generalizations of general relativity, at which general relativity is modified in a minimal way, so that the conformal symmetry not to be violated. In the theoretical formalism of mimetic dark matter theories, an extra internal degree of freedom appears, which can describe dark matter via such mimetic gravity theory [10] (see also Refs. [11, 12] ). In order for the conformal symmetry is not violated, the metric is not regarded as the fundamental variable of this gravitational theory, but is decomposed into a new metric and a scalar field, with the latter being the extra gravitational degree of freedom which actually describes dark matter.
A recent study in which the formalism of mimetic gravity was used in the context of f (R) gravity was done in Ref. [13] . As was shown in that work, in the context of mimetic f (R) gravity and specifically of modified f (R) gravity with Lagrange multiplier constraint, it is possible to realize the unification of early-time and late-time acceleration eras as well as having Dark Matter in unified scenario.
It is of great importance to understand how universal is such an approach to the unification of the three dark sectors of the Universe.
In this paper we consider modified Gauss-Bonnet f (G) gravity, which was introduced as gravitational alternative to dark energy in Ref. [14] , but generalized in such a way that the Lagrangian multiplier constraint is used, as done in Ref. [15] . The specific choice of the Lagrange multiplier constraint, renders such a theory as a mimetic modified Gauss-Bonnet gravity of certain type. The accelerating cosmology generated by such a mimetic gravity, is studied in detail and we also investigate which f (G) gravity can realize various cosmological scenarios, with special emphasis to bouncing cosmologies [16] [17] [18] [19] [20] [21] . In addition, we also introduce the mimetic gravity formalism, in the context of a general Jordan frame f (G) gravity. As a general remark, we must note that within the context of mimetic f (G) gravity and Lagrange multiplier modified f (G) gravity, it is possible that there exists a large number of f (G) theories which can consistently describe a given cosmological evolution. This paper is organized as follows: In section II we present the theoretical formalism of mimetic Gauss-Bonnet gravity. The most important argument is based on the fact that the metric is redefined, and all cosmological equations are obtained by varying the redefined action with respect to redefined metricĝ µν = −ĝ ρσ ∂ ρ φ∂ σ φĝ µν and mimetic scalar field φ instead of g µν . In section III we investigate how various cosmological scenarios can be realized in the context of mimetic f (G) gravity, with special emphasis to cosmological bounces. In section IV, we consider a generalization of f (G) theory, based on the introduction of a Lagrange multiplier, which includes the mimetic case. Several examples are worked out and also comparison to the standard Einstein-Hilbert gravity with Lagrange multiplier, worked out in [11] is performed. Moreover, we also compare the resulting modified f (G) gravity, mimetic or Lagrange multiplier modified, with the standard f (G) gravity picture. The conclusions follow in the end of the paper.
Consider a general f (G) gravity, with the Jordan frame action being equal to,
where S m stands for the action of matter-fluids, which induces the energy momentum tensor T µν in the field equations (for some incomplete list of works on cosmology of such theory, see [22] ). We adopt the standard geometrical conventions of Einstein-Hilbert gravity, with regards to the commutative connection of the underlying Riemannian spacetime, R is the Ricci scalar, and the function f (G) corresponds to a generic globally differentiable function of the Gauss-Bonnet topological invariant G, which is equal to,
where R µν and R µνλσ are the Ricci and Riemann tensors, respectively. We adopted the signature for the Riemannian metric as (− + ++) and also we assume that κ 2 = 8πG/c 4 = 1, where G is the standard Newtonian gravitational coupling.
In order to obtain the mimetic f (G), the following parametrization of metric is assumed [10] [11] [12] :
By varying the metric we obtain the following relation,
In addition, by varying the action (1), with respect to the redefined metricĝ µν , instead of the standard Jordan frame metric g µν , and with respect to the mimetic scalar φ, the resulting field equations take the following form,
where f G stands for f G = df (G)/dG. We also note that the covariant derivative ∇ µ , acts on vectors as
µν V λ and accordingly it acts on the metric g µν . By varying the action (1) with respect to the scalar field φ, we obtain the following equation,
Assuming a spatially-flat Friedmann-Robertson-Walker (FRW) metric, with metric
the scalar curvature and the Gauss-Bonnet invariant have the following form:
where H(t) denotes as usual the Hubble rate H(t) =ȧ(t)/a(t). From Eq. (3) we find that
and since the scalar field φ depends only on the cosmic time, this results to the constraint φ = t. Taking into account the aforementioned constraint, we can obtain the (t, t) component of the expression given in (4):
The same equation results if we consider the (r, r) component. By integrating Eq. (5), we obtain the following relation,
and finally this results to,
where C is an arbitrary constant. Combining Eqs. (8) and (10), we obtain:
where for simplicity we redefined the constant C. It is convenient to introduce the function g(t), which is defined to be equal to,
which satisfies the equation:
For C = 0 Eqs. (8) and (11) 
Hdt .
In the above equation, g 0 is a constant and H 0 = H(0). In the case that the right hand of Eq. (12) is non-zero, that is when B(t) = 0, the solution g(t) reads,
Therefore one can specify the cosmic evolution of the Universe, in terms of the Hubble rate H(t) and then obtain the function g(t). Then by integrating this, with respect to the cosmic time, we can obtain the function f (t), that is,
Using the explicit dependence of the Gauss-Bonnet invariant on the cosmic time t, one can get the explicit form of the function t(G) and therefore find the function f G (G). Then, upon integrating with respect to G, we easily obtain the mimetic f (G) gravity. In the next section, we shall present some illustrative examples, in order to demonstrate explicitly how the reconstruction method works, and also in order to see the differences between Jordan frame mimetic f (G) gravity and ordinary Jordan frame f (G) gravity.
III. COSMOLOGICAL MODELS WITH VARIOUS EVOLUTION FROM MIMETIC f (G)

A. A general example
We start off with the cosmological evolution of the Universe, with a Hubble rate equal to,
which could correspond for example to early-time acceleration from the moment t = 0 to some later time t, with t >> α −1 . The corresponding scale factor for the Hubble parameter (III A) is equal to,
The corresponding Gauss-Bonnet invariant is,
The solution of Eq. (12) with zero right hand side (B = 0), is equal to,
For an empty universe without matter and mimetic dark matter (ρ = p = C = 0) the function g(t) is equal to,
Then, the resulting expression for the function f G (t) is equal to,
Using the Gauss-Bonnet invariant (III A), we can express the function f G (t), as a function of the Gauss-Bonnet invariant G,
Finally, integrating the above equation, with respect to the Gauss-Bonnet invariant G, we obtain the resulting nonmimetic f (G) gravity,
For a Universe filled with matter and mimetic dark matter, which means that C = 0, ρ = ρ 0 a −3 , p = 0, the corresponding solution g(t) has the following form,
and the corresponding solution f G (t) reads,
where E stands for,
The resulting mimetic f (G) gravity easily follows,
By looking Eqs. (19) and (16), we can see the difference between non-mimetic and mimetic f (G) gravity. Notice that in the mimetic gravity case, a given cosmological evolution can be realized by a family of f (G) functions. For example by putting C = −ρ 0 and therefore the last term can be omitted in Eq. (17) . It is worthy to note that in ordinary f (G) gravity with matter fluids, we have no such freedom in choosing the f (G) function, and a unique solution for f (G) exists (in (17) one need to changeC → ρ 0 ). Let us study another case, in which the cosmological evolution is described by the following Hubble rate,
We consider the simple case for which g 0 = 0 and ρ = p = C = 0, and the solution g(t) is equal to,
The Gauss-Bonnet invariant is,
For t → ∞ we have the following asymptotic behavior:
Therefore, the function f G (G) is equal to,
and upon integrating with respect to G, we finally obtain the f (G) gravity,
B. Reconstruction of mimetic f (G) models from bounce cosmological evolution Using the method we described in the previous sections, it is possible to reconstruct an f (G) model for given cosmological evolution with scale factor a(t). In this section we shall consider bouncing cosmologies, and we investigate which f (G) model can generate such a cosmology, in the presence of matter and mimetic dark matter.
Superbounce from mimetic f (G) gravity
In the context of f (G) modified gravity, various bouncing Universe scenarios can be materialized straightforwardly, which in the context of Einstein-Hilbert general relativity could only be realized if the null energy condition is violated for a period of time. For reviews and an important stream of papers on bouncing cosmology see [16] [17] [18] [19] [20] and references therein. A bounce evolution has the following characteristics: The Universe starts with a contraction up to a point where a non-zero minimal radius is reached, where the scale factor is non-vanishing too, and then the Universe starts to expand again. In this way the singularity problem of the scale factor, which is known as the initial singularity, is resolved in a self-consistent way. Therefore, bouncing cosmology serves as a convenient way to avoid singularities of crushing type, where the geodesics incompleteness occurs. Let the bounce occur at some time t s , then for t = t s the Hubble rate is zero, that is H(t s ) = 0, while during the expanding phase, H(t) > 0, and during the contracting phase, H(t) < 0.
Therefore the bouncing cosmology is one appealing candidate for the consistent description of the Universe's evolution. Within this context, we shall make use of two bouncing cosmologies for our reconstruction examples.
We start of with the superbounce model [21] , which has the following scale factor,
while the corresponding Hubble rate is,
Using Eqs. (22) and (23) and substituting to Eq. (14), the solution g(t) easily follows,
The Gauss-Bonnet invariant for the Hubble rate of Eq. (23) is equal to,
and by solving Eq. (25) with respect to t we obtain two real solutions,
By substituting Eq. (26) to Eq. (24) and integrating over G, we obtain two different functional forms of mimetic f (G) gravity, which are of the following form,
where t(G) = t 1,2 with t 1 , t 2 being defined in Eq. (26) . Let us here compare the Jordan frame mimetic f (G) modified gravity solutions we found, that generate the superbounce (22) , with the solutions of non-mimetic f (G) gravity in the Jordan frame. The non-mimetic f (G) gravity solutions that generate the superbounce (22) are the following [21] :
where a = 2/c 2 . Comparing Eqs. (27) and (28), we can see the obvious functional differences. But there is also another important difference, having to do with the freedom in choosing the solutions in the case of mimetic f (G) gravity, an issue we already discussed earlier. Notice also that there is a similarity between the mimetic and nonmimetic f (G) gravities, which is that in both cases, the resulting f (G) gravity consists of two distinct solutions, when the superbounce cosmological evolution is taken into account.
Generic bounce scenario from mimetic f (G) gravity
Another interesting bouncing cosmology scenario is described by the following scale factor,
with c some arbitrary constant and the scale factor is normalized again so that at the bouncing point, which is t = 0, the scale factor is equal to a(0) = 1. The corresponding Hubble rate is particularly simple, and it is equal to,
Using the Hubble rate (30) and by substituting to Eq. (14), we get the function g(t),
where the functions erfi(x) and erf(x) denote the imaginary error function and the error function respectively, while the function p F q (a; b; z) stands for the generalized hypergeometric function. The Gauss-Bonnet invariant in this case is equal to,
which can be solved with respect to t, and we have the following positive solution,
Having this at hand, and by substituting to Eq. (31), we easily obtain the function f G (G). Then by integrating with respect to G, we can get the resulting f G (G) function, but we omit the resulting expression, since it's functional form is too large and complicated. Note however that all the integrals can be evaluated analytically, as the reader may convince himself. Before closing, we study here a final example, for which we assume that g 0 = 0, in which case the function g(t) is equal to,
Consider a cosmological evolution with scale factor a(t) = (1 + αt) γ . The case α < 0, γ < 0 corresponds to the Big Rip singularity [23] , which occurs at t s = 1/α. The accelerated expansion corresponds to α > 0, γ > 1. The corresponding solution for g(t) reads,
The corresponding Gauss-Bonnet invariant G is,
so the resulting expression for the f (G) gravity reads,
IV. f (G) GRAVITY IN FORMULATION WITH LAGRANGE MULTIPLIER
In this section we consider the formulation of f (G) modified gravity by using a Lagrange multiplier, and the impact of this multiplier to the cosmological evolution of various models. One can impose a condition on the scalar field by adding to the standard action for f (G) gravity the following term,
where λ is the Lagrange multiplier and U (φ) is a function of the scalar field, in principle arbitrarily chosen. We also include in the Jordan frame action of the f (G) gravity, the action of a scalar field (canonical or phantom) φ with arbitrarily chosen scalar potential V (φ), which is of the form:
The cases ǫ = ±1 describe canonical and phantom scalar field respectively. For ǫ = 0 the conformal symmetry of the system is respected and the corresponding gravity with Lagrange multiplier is equivalent to the mimetic f (G) gravity considered above (for U = 1 and V = 0). (The case with non-zero V maybe called as extended mimetic theory). The full Jordan frame action of the f (G) gravity with Lagrange multiplier and in the presence of the scalar field and other matter fluids, is the following,
By varying this action with respect to the metric g µν , we obtain the following two equations of motion:
where we assumed a flat FRW metric. Also, by varying action (37), with respect to the Lagrange multiplier, provides us with the following constraint for the scalar field:φ
Finally for the scalar field we have the equation of motion:
For a Universe dominated by collisionless matter (p = 0), the scalar potential V (t) and the Lagrange multiplier function λ(t), as function of the cosmic time read,
Equation (41) follows easily by combining Eqs. (38) and (39). Therefore, for a given f (G) one can specify the evolution of the scale factor (or the corresponding Hubble parameter) and obtain the scalar field potential which is responsible for this evolution. In addition, the inverse process is easy to be realized, that is, for a given scalar potential and for an arbitrarily given cosmological evolution, it is possible to reconstruct the corresponding f (G) gravity. In the following sections, we exemplify the two aforementioned reconstruction methods.
A. Some Examples for f (G) = AG 2 gravity and φ = √ U0t
The simplest choice for the function f (G) is the following,
In this section, we shall assume that the scalar field φ is related to the cosmic time t as, φ = √ U 0 t, which means that U (φ) = U 0 = const. For the bounce case with scale factor given in Eq. (29) and Hubble rate given in Eq. (30), the corresponding potential of the scalar field, provided by Eq. (42), takes the following form,
where the parameter V 0 , which is equal to,
stands for the potential of the scalar field in the case of General Relativity (which can be achieved if A = 0), and C n are numerical coefficients. For completeness, we provide the full expression for the scalar potential in the Appendix. The corresponding Lagrange multiplier function λ(t), which is given in Eq. (43), is equal to,
In the same way, we may easily find the scalar potential and the auxiliary function λ(φ), for the case of the superbounce with scale factor and Hubble rate given in Eqs. (22) and (23) respectively. The corresponding scalar potential is,
while the Lagrange multiplier function λ(φ) equals to,
Another example that produces Little Rip cosmology, is described by the following Hubble rate,
with the corresponding scalar potential being of the following form,
In order to better understand what is the difference between the Lagrange multiplier mimetic matter with a scalar potential, which was studied in Ref. [11] , and Lagrange multiplier f (G) gravity, we shall study in detail some examples that were presented in [11] . It is worth recalling some features of Lagrange multiplier mimetic matter, with scalar potential, and for a detailed presentation, the reader is referred to [11] . The action of the mimetic matter with scalar potential and with Lagrange multiplier, is given below,
with L m denoting as usual the matter Lagrangian. In the context of the theory developed in [11] , the Lagrange multiplier is equal to,
with G and T standing for the trace of the Einstein tensor and for the trace of the energy momentum tensor respectively. The form of the Lagrange multiplier appearing in Eq. (51) is obviously different from the Lagrange multiplier appearing in Eq. (43), but one can easily verify that if we take U (φ) = 1 and also f (G) = 0, these become identical. We now investigate the new features that the f (G) modification brings along. We choose again the f (G) gravity to be of the form given in Eq. (44) and also we assume that φ = √ U 0 t. We shall start our comparison analysis, by studying the inflaton case presented in [11] , where it was shown that a cosmological evolution with scale factor equal to,
with α a constant parameter. The potential that generates this kind of evolution, always in the context of Ref. [11] , is equal to,
In contrast, in the case of the Lagrange multiplier f (G) modified gravity, the potential that generates the cosmological evolution described by Eq. (52), is equal to,
which is clearly much different than the one in Eq. (53). In addition, the corresponding Lagrange multiplier function λ(φ) is equal to,
which is obviously different from the corresponding one in ordinary Lagrange multiplier mimetic matter theory given in Eq. (51). It is obvious that within the context of Lagrange multiplier f (G) modified theory of gravity, there are many ways of generating various cosmological scenarios, since there is much freedom in choosing the potential U (φ) and also the function f (G). In this way, almost any cosmological scenario can be generated, by suitably choosing the two aforementioned functions. Before closing this section, we shall study another example presented in [11] , which describes mimetic matter as quintessence. The scale factor of the corresponding cosmological evolution, is equal to [11] ,
which actually describes the behavior of mimetic matter when the Universe is dominated by some other matter fluid present, with equation of state p = wρ. The potential that generates the cosmological evolution (56), is equal to [11] ,
where α is some arbitrary constant. In the case of Lagrange multiplier f (G) gravity, the potential that can generate the cosmological evolution of Eq. (56), is equal to,
and the corresponding Lagrange multiplier function λ(φ), is equal to,
which are clearly different from the ones given in Eqs. (57) and (51).
As we already mentioned, in the context of Lagrange multiplier f (G) modified gravity, there is much freedom in reconstructing the scalar potential for the scalar field, since the function U (φ) and the function f (G) itself can be arbitrarily chosen. Let us consider as a final example the case for which the function that relates the scalar field φ to the cosmic time t is of the following form, φ = √ U 0 ln t, so the function U (φ) is of the following form,
Assuming that,
and also that the function f (G) is again f (G) = AG 2 , the corresponding scalar field potential V (φ), is of the form,
where V 0 in this case stands for,
In the same way, more elaborated universe evolution unifying inflation, dark energy and dark matter maybe presented.
B. Reconstruction of f (G) gravity given the Lagrange multiplier function and the scale factor
In this section we consider the inverse reconstruction method, which enables us to find the Lagrange multiplier f (G) modified gravity, given the scale factor of the cosmological evolution and the Lagrange multiplier function. Let us explicitly demonstrate how this method works. We start off with Eq. (43), which can be rewritten as:
Solving this equation with respect to f G (t) we have:
Note that for λ = 1, Eq. (63) in fact coincides with (35) (with C = 0) for g(t) = df G /dt, as was expected. The potential of scalar field as a function of time is cast as follows,
We assume that the function that relates the scalar field φ and the cosmic time t is denoted as t = y(φ). We also write the scale factor a(t) in the following form,
Then, the Hubble parameter is simply written in terms of h(t), as H(t) =ḣ(t). Considering for simplicity the case that no matter fluids are present, that is ρ = 0, the potential of the scalar field given in Eq. (64), becomes,
and therefore, the function f G as a function of the scalar field is equal to,
+ḧ(y(φ 2 )) + (67)
Then, for a given cosmological evolution, in terms of some specific scale factor, by choosing the arbitrary Lagrange multiplier function λ(φ), we can easily obtain the corresponding f (G) gravity, and also finally find the resulting form of the potential V (φ), which we used earlier for the derivation of the f (G) gravity. Let us exemplify how this inverse reconstruction method works, by using some illustrative examples. For simplicity, we shall assume that the field φ is related to the cosmic time as, φ = √ U 0 t, so we define the function y(φ) to be the following,
which we extensively use in the following considerations. Of course, one can in principle choose a different function, but this will only perplex the equations, without changing the qualitative feature of our reconstruction method. We start off with the superbounce, with scale factor and Hubble rate appearing in Eqs. (22) and (23) respectively. The function h(t) is in this case equal to,
In addition, we take the function λ(t), to be equal to,
Then, by combining Eqs. (67), (68), (69) and (70), we obtain the function f G (φ), which is equal to,
Then, the f (G) gravity easily follows, by using the expression for the Gauss-Bonnet invariant, which for the case of the superbounce is given in Eq. (25), by integrating with respect to G. The final expression is quite large and for simplicity reasons we give it in the Appendix. In the same way, by using Eqs. (66), (68), (69) and (70), we obtain the potential of the scalar field, which is,
In the same way, we can easily obtain the f (G) gravity for the case of the bounce with scale factor (29). Using the same conventions as in the case of the superbounce, the resulting expression for the f (G) gravity is,
with G mn pq , the Meijer G-function. The resulting expression for the scalar potential is too complicated, so we provide the details for it in the Appendix.
As a final example, we shall consider a non-monotonic evolution for the Hubble rate which has the following form,
Notice that a Big Rip singularity occurs at t = t f . It easily follows that,
Without getting into too much detail, the function f G (φ) is equal to,
while the corresponding scalar field potential is equal to,
Notice that the last integral can be evaluated analytically, but we omit the resulting expression for the sake of brevity.
In conclusion, with this inverse reconstruction method, if the Lagrange multiplier function λ(φ) and the scale factor a(t) are specified, the corresponding Lagrange multiplier f (G) gravity follows, as we explicitly demonstrated in the previous examples. Of course, it is to be understood that if the integrals cannot be evaluated analytically, further assumptions should be taken into account, but the general theoretical framework is the same.
V. CONCLUSIONS
In this paper we considered the generalization of ordinary Jordan frame f (G) gravity, to mimetic f (G) gravity. In this new theory, in principle it is possible to resolve two important cosmological problems, firstly to obtain the Universe's accelerated expansion without the need to introduce extra fields (inflaton, dark energy scalar) and secondly to provide an answer to the problem of dark matter. Specifically, within the context of mimetic f (G) gravity, the cosmological equations of motion are almost the same with these that result in ordinary Jordan frame f (G) gravity, with the only difference being that the contribution of mimetic matter appears in the mimetic f (G) gravity case. After having provided the formalism of mimetic f (G) gravity, we were able to realize various cosmological evolutions with mimetic f (G) gravity, and highlighted the difference between ordinary and mimetic f (G) gravity. In principle, in the case of mimetic f (G) gravity, there is much more freedom in providing the f (G) gravity that can realize a certain cosmological evolution. This can be one of the attributes of the theory, since a quite large number of cosmological evolutions can be successfully realized in the context of mimetic f (G) gravity. We also compared the resulting mimetic f (G) gravities, to standard mimetic gravity models that exist in the literature.
We also modified the ordinary Jordan frame f (G) gravity, to include a Lagrange multiplier term. After describing in detail how the cosmological equations are modified within this new formalism, we provided two quite general reconstruction techniques, which in principle can be useful for the realization of various cosmological models. Particularly, it is possible in the context of Lagrange multiplier f (G) gravity, given the cosmological evolution and the f (G) gravity, to find the scalar field potential V (φ) and the Lagrange multiplier function λ(t). In addition, the inverse procedure is possible, that is, given the cosmological evolution and the Lagrange multiplier function λ(t), it is possible to reconstruct the corresponding f (G) gravity. We supported our theoretical considerations by using some illustrative examples, for which we applied both reconstruction methods.
As a general remark, we must note that in the context of both mimetic f (G) gravity and Lagrange multiplier f (G) gravity, there exist a large class of f (G) gravities that can realize a specific cosmological evolution. We believe that this feature is an attribute of the theory, since it is possible, by suitably choosing the parameters and functions, to get analytic results. This was not always possible in ordinary Jordan frame f (G) gravity.
Finally, an issue we did not address in this paper is the realization of singular cosmology, in the context of mimetic f (G) gravity or Lagrange multiplier f (G) gravity. By singular cosmology we mean the appearance of finite time singularities [24] (with the Big Rip [23] being the most elaborated one) in the cosmological evolution. Among all the finite time singularities, the most interesting ones are the non-crushing types singularities, for example, Type II [25] or the mildest among them, the Type IV [24, 26] . Since these singularities can be consistently incorporated in scalar-tensor theories [26] , it would be interesting to realize such singular cosmological evolution from mimetic f (G) and from Lagrange multiplier f (G), and compare the results to ordinary f (G) gravity. Special emphasis for this task, should be given near the Type IV singularity of course. Work is in progress towards this direction and we hope to report on this issue soon.
In conclusion, we have two different types of f (φ(G)) gravity, which can be found by substituting the two different forms of φ(G) to Eq. (77). Finally, the corresponding potential for the f (G) gravity of Eq. (73), which corresponds to the bounce (29), is equal to, 
